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Problems

Solution: Policy functions and rational expectations
Kronecker operator = curse of dimensionality
= Smolyak operator = polynomial costs

Likelihood: Evaluation
SIR filter = Monte Carlo integration
= Gaussian quadrature = Smolyak Kalman filter

Posterior: Density estimation
Metropolis-Hastings algorithm
= Parallel Metropolis-Hastings algorithm

Model selection
Marginal likelihood

é )
=

Title

Introduction

Example
Solution
Likelihood
Posterior
Selection
Results

Page 3 of 21

4 | >

Full Screen

Close

EEE

Bonn-INS
2006

.,




Relation to Literature

Towards applied nonlinear structural econometrics...

Constributions

Villaverde et.al. Winschel
Operator Kronecker Smolyak
Solution Finite Elements - Smolyak Spectral
Rational Exp. Gaussian Smolyak Gaussian
Likelihood /Filter SIR Smolyak Kalman
Posterior MH Parallel MH
Generality - Sfs,x,2)
Time 80h (Fortran) 5h (Ox)

= Ox Code for a general model class f(s,x,z)
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Macro model

max U
{Ct 5 lr},io

s.t.
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state: s; =

policies: x; =

shocks: e¢; =

2 E ZB[ Cl 1)179)17‘5
= ¢+i

= kMY

= Par+&41 where 8,
{ktaat}

{4, (cr)}
{&}

9\[(0 O¢).

é )

MANNHEIM

Title

Introduction

Solution

Likelihood

Posterior

Selection

Results
Page 5 of 21
4“0 »
) >
Sl
Full Screen

Close

Bonn-INS
2006




First Order Conditions

Euler equation, intertemporal

($-1) 8

Ct
9 1-6y1— -
BE, (Ct+1(1*lt+1) ) 1_8+aear+1ktaﬂlt+1“
Cr+1 kit 1

labor/consumption trade off, intratemporal
1-6 ¢ o 0
6 1-1 A N
capital transition

kiy1 = ek % — ¢+ (1 — )k,

—(1-o)

productivity transition

i1 = Pa; + &
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General Model Structure (Miranda/Fackler)

f(S,)C7 Eh(spc,e’,s’,x’)) =0
s'=g(s,x,e)

Specified Functions

f equilibrium conditions
h expectation functions
g state transitions
Variables

s state variables
x € [a(s),b(s)] policy variables
Z expectation variables
e stochastic shocks
Approximation Strategy

x=Y(s) =YL civi(s) policy functions

f(svlp(s)72jth(s7ql(s)7eljvSlj7\P(S/j)) =0
S/j i g(s7lP(s)7e/j)
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f(x) = /log(x) for x € [1,3]

>
X
XX

AR

Perturbation

Spectral

Finite Elements
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Approximation

e Perturbation
e Spectral

e Finite Elements

— implicit function theorem, Taylor series of f,h,g
— matrix Riccati equation = QZ decomposition

— higher order: one additional matrix inversion

pro: fast, no curse of dimensionality

con: deterministic steady state, inaccurate, singular-
ities < local, no inequalities, symbolic or automated
differentiation
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Approximation

e Perturbation
e Spectral

e Finite Elements

—.orthogonal basis polynomials

— non-zero at almost all points

pro: accurate, global
con: no inequalities, slow, start values
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Approximation

e Perturbation
e Spectral

e Finite Elements

— local basis functions

— zero at almost all points

pro: accurate, global/local < inequalities
con: slow, start values
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Integration

Monte Carlo Integration

E(f(x) = JZu f()p(x)dx ~ XL, f(xi) /N for x; ~ p(x)
= naive nodesx; and weights w; = 1/N

Gaussian quadrature

Discretize continous random variable
vN

E(f(x)) =~ i=1 wif (x;)

= optimal nodes x; and weights w;

T

wy
W

X X, X3

Suffer from the curse of dimensionality
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Multidimensional Approximation

Kronecker Operator

{1Lx, Y@ {1,357} = {1,x,3,00,2%, 5%, %y, 0% %y}
= Problem: Curse of dimensionality, exponential costs

Complete polynomials in Taylor series

F(x,y) = 0o + 0ty x + 0y + 03x> + 0lgy? + Olsxy
= Polynomial costs

=> Smolyak operator
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Smolyak Operator

Approximation operator for univariate function/integrand

m; ¥
=Y df()
j=1
Kronecker operator ® for f:IR? — IR
mj, mi, )
W' e o) ()= T - L (o oa) ), )
i Ja

Uiil, |l‘ =i +..+iy
d—1
q— i
+ ) (41 ®-@AY)(f)

lil=¢

Smolyak operator with A’ = U’ —

TR R V] Gt LS
qg—d+1<]i|<q

= ¥ (4" ®--0A)(f) =Ag-1a(f)
li<g
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Hierarchical Surpluses

Archimedes approximated 1 —x? with linear splines

0.6 0.6
0.4 0.4
0.2 0.2
1 0.5 0.5 1 1 0.5 0.5

Dotted lines = hierarchical surpluses — 0

Extension: Simple adaptive and dimension adaptive
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Iteration

Start values ¢(©)

x o= y(s)e®
s'j = g(s,x,e'j)
o= (e gl
z = ZWJh(s,x,e’j,s/j,x’j)
J

a) Function Iteration

solve x(s,z) from f(s,x,z) =0
& = ¥ ls)x(s,2)
D = (=)™ + e

b) Root finder (Broyden)
kD) — (k) Oc[ar(s,c(k))/ac}_lr(s,c(k))
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Solution W(s) implies the state space model:

state transition: unobserved

St = 8*(St—17ly(st—1)7€t)
= g(si—1,¢) = p(se|si—1)

measurement equation: observed

yi =m(s;,€]) < p(velst)
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Model State Space

state transitions: unobserved

ki

az

measurement

Yt
A

Il

1,0 1-a
= " Wilki-1,a-1)

—We(ki—1,a-1) + (1 — 8)ki—1
= par-1+¢&

equations: observed
ek (kar)' ™+

Wl(khat) +€£
earkfx‘l’l(ktaaz)liu — (ks ar) + e
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Likelihood

T
log £(8) =1(8) = log p(y1:7|8) = log [ [ p(vly1:1)
=1

Needed: sequential update of state estimates

p(silyry)  fort=1,....T

Prediction step:

p(silyri—1) :/P(St|stfl)l7(sr71b’l:rfl)dszfl
Update step:

S StIVIi—1
P(Sf‘yl:t):p(yl‘ I)p( I‘. 1 )
P(.Vt‘.‘,'l:rfl)
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Filters

Problem: integrals are difficult to calculate

Analytical solution

e Kalman Filter for Linear Gaussian State Space
Usual Filter

e Extended Kalman Filter

e Unscented Kalman Filter = Smolyak Kalman filter

e Sequential Importance Resampling Particle Filter
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Smolyak Kalman. Filter

Assume: p(s;—1]y14-1) = N(ﬁt—lh—lapfi”,,l)

Prediction step: p (s;|yi41)
= /p(st\st_1)p(st_1 | Yiu—1)dsi—der = Sy 1. P

Update step: p(s;[y1) = N(§I|I7Pf‘§)

S = Sip—1 K r = Frji—1)
VY T
t‘\; — Pt‘\;fl & Kfpr\zfll(f
pOls:) quadrature = 5,1, Py By K= B (P

period likelihood £, = £, w A (i —3{)_,: 51,2 )-

)71
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posterior of unobservables (parameters) 6

_ p(16)p(6)

p(Oly) 20)

variable of interest (deterministic function) ®
p(®,y,8) = p(w]y,0)p(y[6)p(6)

unobservables 6 can be marginalized out
ploly) = [ ploly.B)p(®ly) o

for small sample distribution of the variable of interest ®
which can be any test statistic
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Metropolis-Hastings

for n=1,...,.N
1. generate 0 =0,_;+&¢e~ N(0,%)

0 * *
I R v wary oty

B
2. 0,=
0,1 otherwise

Critical choices:

Ye & acceptance ratio ~ 30% => training sequences
60 < burn-in period 6y — 07 = robustness check

J & diagnostic tests = biased with one sequence
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Marginal likelihood of a model M; e M

P(y1M:) = [ p(310m,.1,) p (B | M) doy
allows data to assign probabilities to model M;,

, _p(y[Mi)p(Mi)
p(Mtlva)_ p(y|M)

transform model priors into posterior odds ratio,

p(Mily)  p(M;) p(y|M;)

p(Mjly) p(M;)p(y|M;)

and selects nonnested and quasi-true models.
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Marginal Likelihood

Model's marginal likelihood

pOyIM;) = /@ P (¥[8, M) p (81, M) By,

M;

For any pdf h(0y;|M;), Gelfand, Dey '94

E < CIAD)
PO M)\ b (y]8u;, M) p (8, M)

Marginal likelihood estimate, Geweke '98

. 1 Y h(8,.,)
POIM;) = | = —
) (N,;lp<y|en,M,.,M,~>p<enﬁM,-|M,->

) — pointy)!

;
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Smolyak
Smolyak Kronecker
countries | log;orf  points | log,orf  points
1 -5.4/-6.5 13 -5.9/-6.4 25
1 -6.5/-6.8 29 -6.5/-6.7 36
2 -4.0/-4.9 41 -2.6/-3.5 81
2 -5.1/-6.5 137 | -47/-6.1 256
3 -3.6/-4.8 85 -2.4/-2.7 64

log,o 7 is max/mean Euler error
in 10,000 simulated periods

= Smolyak reduces Kronecker grid size substantially,
already for small models
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Estimation
True mean std.dev.
Nonlin | Lin Nonlin | Lin
0 0.35 0.356555 0.359832 4.47E-04 3.56E-03
p 0.95 0.950678 0.942740 8.57E-04 6.74E-03
T 50.00 49.385802 | 62.910866 9.01E-01 | 2.07E+01
o 0.40 0.399076 0.408750 1.25E-03 9.20E-03
B 0.99 0.990152 0.988453 2.09E-04 1.79E-03
) 0.02 0.019809 0.025163 2.62E-04 2.26E-03
o, | 0.035 0.035053 0.031274 1.17E-04 2.11E-03
o, | 0.000158 0.000160 0.000674 6.10E-06 4 58E-04
o 0.0011 0.001080 0.001351 2.55E-05 9.24E-05
(o]] 0.000866 0.000877 0.000994 1.89E-05 2.15E-04

= Good nonlinear estimates, Biased linear estimates
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Selection

true 1209.9 | -143,651.0

max 1213.2 1190.3
p |l A Nonlinear Linear
1] 28.8 -111.6 -140.4
2 || 28.8 -110.9 -139.7
3] 28.8 -110.5 -139.3
4 || 28.8 -110.2 -139.0
5 || 28.8 -110.0 -138.8
.6 || 29.0 -109.6 -138.6
71 29.0 -109.4 -138.5
8 ]| 29.1 -109.3 -138.3
9 | 29.2 -109.0 -138.2

= Nonlinear model is clearly detected from data
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Conclusion

e Smolyak operator

— very effective
— revision of standard approaches

— useful for nonparameterics
e Smolyak Kalman filter

— very fast
— accurate maybe only for growth model

e Parallel MH

— simplifies covariance choice
— better global maximization properties

— allows parallel estimation
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Future

e OLG models

e Inequality Constraints

e Adaptive Smolyak Finite Elements

e Graph Theory for Causality Analysis

e Smolyak Gaussian Sum Filter

o C++, Cluster Implementation

e NEOS/AMPL model compiler for max. likelihood

e Statistical Model Compiler in Prolog...in 10 years :-)
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